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Recently probabilistic hysteresis in isolated Hamiltonian systems of ultracold atoms has been
studied in the limit of large particle numbers, where a semiclassical treatment is adequate. The origin
of irreversibility in these sweep experiments, where a control parameter is slowly (adiabatically)
tuned back and forth, turned out to be a passage blue back and forth across a separatrix (integrable
case) or a passage in and out of a chaotic sea in phase space (chaotic case). Here we focus on the
full quantum mechanical description of the integrable system and show how the semiclassical results
emerge in the limit of large particle numbers. Instead of the crossing of a separatrix in phase space,
where classical adiabaticity fails, the origin of irreversibility in the quantum system is a series of
avoided crossings of the adiabatic energy levels: they become so close that already for modest particle
numbers the change of the external parameter has to be unrealistically slow to reach the quantum
adiabatic limit of perfectly reversible evolution. For a slow but finite sweep rate we find a broad
regime where the quantum results agree with the semiclassical results, but only if besides the limit
N →∞ an initial ensemble of states is considered, with sufficient initial energy width. For a single
initial energy eigenstate we find in contrast that the backward sweep reveals strong quantum effects
even for very large particle numbers.
I. INTRODUCTION
A. Microscopic irreversibility in slow
forward-and-back sweeps
If a control parameter of a physical system is slowly
tuned away from its initial value and then slowly tuned
back again, a specific form of irreversibility can be ob-
served in some systems: hysteresis. The system does not
return to its initial state, despite the control parameter
having the same value as it had initially. Hysteresis im-
plies the breakdown of adiabaticity, and in [1, 2] it was
demonstrated conversely that a breakdown of adiabaticity
in a microscopic system can lead to a microscopic form
of irreversibility, probabilistic hysteresis. While one might
expect that the microscopic onset of irreversibility occurs
through final states which gradually become different from
the initial state, probabilistic hysteresis means a gradually
rising probability that the final state differs dramatically
from the initial one.
Under classical mechanics the breakdown of adiabatic-
ity that leads to probabilistic hysteresis cannot be avoided
by a slower variation of the control parameter, but per-
sists even in the quasi-static limit, because of topolog-
ical changes in phase space energy shells [1, 2]. Such
quasi-static irreversibility cannot occur under quantum
mechanics, however, because in the quasi-static limit the
quantum adiabatic theorem must apply. In fact it has
been shown that the semiclassical and adiabatic limits
in general do not commute, and so in particular for the
cold-atom systems studied in [1, 2] the Gross-Pitaevskii
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mean field description can become invalid in the adiabatic
limit [3, 4]. It is therefore not obvious whether—or how—
the classical limit of probabilistic hysteresis emerges from
the quantum description of these systems. Even apart
from enhanced adiabaticity, furthermore, ultracold atoms
can in principle show a range of other quantum effects.
We therefore now study the full quantum mechanical de-
scription of a hysteresis experiment in an isolated system.
In this paper we focus on the quantum version of the
integrable system discussed in [1], i.e. the experimentally
realizable two-site Bose-Hubbard “dimer”, and leave the
chaotic three-site system of [2] for future work.
B. Slow sweeps in the classical two-site
Bose-Hubbard model
The two-site Bose-Hubbard system offers a convenient
toy model of quantum many-body physics, with competi-
tion between nonlinear interactions and kinetic energy in
a minimal form. Since it can now be realized to a good
approximation with ultracold atoms [5, 6], but has also
long been used as a model for Josephson junctions, the
two-site Bose-Hubbard system has been studied exten-
sively. Even on the specific subject of slow sweeps of the
energy detuning between the two sites, which will be our
control parameter, there have been several papers.
The majority of these Bose-Hubbard sweep papers have
examined the problem within the mean-field approxima-
tion, which represents the evolution in terms of a two-state
wave function, but with a cubically nonlinear Schro¨dinger
equation for the time evolution of the two complex ampli-
tudes α1,2(t). Originally the problem was introduced by
Wu and Niu [7], and almost at the same time by Zobay
and Garraway [8], as a nonlinear generalization of the
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2two-level Landau-Zener model for a true quantum two-
state system. These papers began a tradition of referring
to |α1,2|2 as “probabilities”, since in the true quantum
two-state system they are the probabilities in projective
measurements. The most important result of the early
works [7] and [8] is that, unlike in the linear Landau-Zener
model, |α2|2 can evolve from zero to non-zero even for
arbitrarily slow sweeps.
Subsequent literature has expanded this understanding
of nonlinear Landau-Zener evolution. An intuitive expla-
nation of the nonadiabaticity was more recently presented
in [9]. In [10] it was also found that, for sweeps starting
from the initial ground state α2 = 0, the scaling of the
final |α2|2 with the sweep rate in the nonlinear problem
is different from the linear case: it changes from an expo-
nential dependence for weak nonlinearity (as in the linear
case) to a power law dependence for stronger nonlinear-
ity. Other effects of nonlinear Landau-Zener sweeps have
been measured, or their measurement in experimentally
realizable systems has been suggested; see for example
[11–15]. The nonlinear Landau-Zener effect also plays
an important role in the adiabatic passage through a
Feshbach resonance [16, 17].
While a single nonlinear Landau-Zener sweep thus ex-
hibits several non-trivial features in the classical two-site
Bose-Hubbard model, adding a second sweep which is the
exact time-reverse of the first introduces a dramatic addi-
tional phenomenon: probabilistic hysteresis [1]. Although
|α2|2 has been referred to as a probability, this terminol-
ogy has simply been adopted into the nonlinear classical
problem from the true two-state quantum problem; the
classical evolution in the phase space corresponding to
the c-number variables α1,2(t) is deterministic. For single
sweeps from low-energy initial states, moreover, the clas-
sical evolution does not even appear to be highly sensitive
to initial conditions, so that there is no need to introduce
a probabilistic description. Any single low-energy shell in
the two-site Bose-Hubbard phase space evolves, under a
single slow sweep, into another single energy shell. If the
initial low energy can be controlled well in experiments,
then shot-to-shot variations in the final energy, after a
single slow sweep, will be small.
That is not necessarily true for higher-energy initial
states, however. A slow Landau-Zener sweep in a two-site
Bose-Hubbard system may split a higher-energy energy
shell into two quite distinct energy shells [1], so that if the
initial energy can be well controlled, but not the precise
initial location of the system within the energy shell,
then in each repetition of an arbitrarily slow classical
sweep experiment the final energy will randomly take
one of two quite different final values. In such cases one
can derive probabilities which are not merely a matter of
referring to the classical |α1,2|2 as probabilities, but which
literally represent the random chances, in each single run
of a classical experiment, of finding final α1,2 in different
regions of phase space.
Initial states in the energy range that can evolve in this
kind of truly probabilistic manner were not considered
in mean-field literature before [1], presumably because
they did not seem like natural initial states which could
easily be prepared in experiments. They can be prepared
from low-energy states, however, by a slow Landau-Zener
sweep [1]. The two-sweep forward-and-back cycle thus
introduces the possibility of probabilistic hysteresis in the
quasi-static limit even for low-energy initial states.
The mechanism of probabilistic hysteresis has been de-
scribed and explained in [1] entirely in the classical phase
space of the mean-field model. The mean-field theory has
been widely applied to the two-site Bose-Hubbard system
because this kind of simple quantum many-body system
usually attains this kind of correspondence with classical
mechanics at large particle numbers. The fundamental
question of irreversibility, however, warrants a closer check
of quantum-classical correspondence in this problem.
C. Slow sweeps in the quantum two-site system
Although most studies of slow parameter sweeps in
two-site Bose-Hubbard systems have been within mean-
field theory, a few papers have gone beyond mean-field
to the full quantum many body problem, in which there
are many more orthogonal states than just two, but time
evolution is governed by a linear Schro¨dinger equation
for their many complex amplitudes. It has been shown
in [3, 18] that even in the presence of inter-particle in-
teractions the many-body Landau-Zener probability for
non-adiabatic evolution goes to zero in the limit of in-
finitely slow sweeping. If a single infinitely slow sweep is
thus always perfectly adiabatic in the quantum problem,
the two successive sweeps of an infinitely slow forward-and-
back cycle must also be adiabatic in the quantum problem.
At infinite slowness, therefore, the quantum system can
never reproduce the quasi-static probabilistic hysteresis of
the corresponding classical system. This means that the
classical and adiabatic limits do not commute for two-site
Bose-Hubbard sweeps [3, 18].
It has also been shown, however [3, 18, 19], that for a
fixed finitely slow sweep rate, the quantum results do con-
verge onto the mean-field results with increasing particle
number, with quantum-classical correspondence becoming
close for total particle numbers of order 10. In [19] it was
claimed that the adiabatic and classical limits only fail to
commute in a single trajectory mean-field approach, and
that commutability is restored if it is the classical phase
space flow of a classical ensemble which is compared to the
quantum evolution. So far, though, only single-sweep evo-
lutions, from initial ground states, have been considered
within the full quantum many-body theory of the two-site
Bose-Hubbard system. In this paper we will therefore
extend the fully quantum mechanical treatment of this
slowly time-dependent two-site Bose-Hubbard problem be-
yond the single-sweep protocol, to include also the reverse
sweep so that the control parameter is slowly changed in
a cyclic manner.
3D. Main results of this paper
Our mainly numerical analysis will confirm that if the
sweep is infinitely slow then no hysteresis occurs in the
quantum system. We will see, though, that the slowness
needed to approach this quantum-reversible limit is the
extremely slow time scale of macroscopic quantum tun-
nelling, which can easily become completely impractical
even for quite modest particle numbers. For sweeps which
are not that impossibly slow, but that are slow enough
to be adiabatic in the classical problem, we will find that
microscopic irreversibility does still occur in the quantum
two-site Bose-Hubbard system.
We will secondly find, however, that this classical-but-
not-quantum adiabaticity is not sufficient to recover the
classical result of probabilistic hysteresis with an ensemble
of final states that is independent of sweep rate. This is
because quantum interference effects [20], which produce
nothing dramatic after a single sweep, turn out to lead,
after the second sweep, to final states that can oscillate
rapidly as a function of sweep rate, even when the sweep
is within the wide range between classical and quantum
adiabaticity. This failure to converge onto the classical
form of probabilistic hysteresis persists even for very large
particle number.
This discrepancy between classical and quantum forms
of probabilistic hysteresis cannot be removed by taking a
classical ensemble. Our third main result will be rather
the reverse: the classical form of probabilistic hystere-
sis, with no dependence on sweep rate within a wide
range of very slow sweeps, is restored in the quantum two-
site Bose-Hubbard system by taking a sufficiently broad
ensemble of initial energy eigenstates. The mixture of suf-
ficiently many initial energy eigenstates effectively washes
out the quantum interference effects, and the incoherent
summation of many Landau-Zener probabilities will be
shown numerically to reproduce the classical hysteresis
probability that was derived in [1].
E. Organization of the paper
The rest of the paper is organized as follows. In Sec. II
we explicitly introduce our simple quantum many-body
system along with the parametric time dependence that
will define our cyclic “sweeps”. Sec. III briefly reviews the
semiclassical description obtained in [1]. Sec. IV discusses
the quantum energy level structures in different dynami-
cal regimes. Sec. V then presents the results of numerical
simulations of the sweep process and shows how the clas-
sical picture, with its two qualitatively different outcomes
of the cyclic sweep experiment, emerges from the quan-
tum system with increasing particle number. In Sec. VI
we focus on the Landau-Zener description of the sweep
processes. To do so we apply the independent crossing
approximation at every avoided crossing of energy levels,
and show numerically that an incoherent summation of
all the Landau-Zener probabilities becomes accurate if
the initial energy width is sufficient, and conforms to the
classical hysteresis probability if the particle number is
high. We summarize our main results in Sec. VII and offer
an outlook toward future studies using quantum phase
space formalisms to provide analytical insight into the
non-trivial quantum-classical correspondence that we have
confirmed here numerically. A final Appendix discusses
different variants of the independent crossing approxima-
tion, including the more accurate modified form which
we have used in our main text.
II. SETUP
Our system is the two-mode (dimer) Bose-Hubbard
system with attractive interaction U < 0 and tunnelling
rate Ω; the two modes have a time-dependent energy
offset ∆(t), which will be our control parameter. The
system Hamiltonian therefore reads
Hˆ = −Ω
2
(aˆ†1aˆ2+aˆ
†
2aˆ1)+
U
2
(nˆ21+nˆ
2
2)+
∆(t)
2
(nˆ1−nˆ2), (1)
where the bosonic operators aˆ†1,2 (aˆ1,2) create (destroy)
a boson in the respective mode 1 or 2 and the number
operators nˆ1,2 = aˆ
†
1,2aˆ1,2 are defined as usual. In this
paper we choose units such that h¯ = 1 and measure ∆,
U , energy and time in units defined by Ω. The total
particle number operator Nˆ = nˆ1 + nˆ2 commutes with
the Hamiltonian, so that the total particle number given
by its eigenvalue N is conserved. The classical limit of this
Hamiltonian studied in [1] is obtained by replacing the
operators aˆ1,2 by complex numbers α1,2 =
√
n1,2 e
−iϕ1,2 ,
such that (ϕi, ni) are canonical coordinates. The creation
operators aˆ†1,2 are replaced by the complex conjugates
α∗1,2.
Our protocol consists of slowly sweeping the energy
offset from a negative value ∆I at t = −T to the larger
value ∆0 at t = 0 (forward sweep) and then back again
to ∆I at t = +T (backward sweep):
∆(t) = ∆I
|t|
T
+ ∆0
(
1− |t|
T
)
, ∆0 > ∆I . (2)
By sweeping “slowly” we mean T  Ω−1. We will study
the evolution of a quantum state through this cyclic sweep,
and simply ask whether the system finally returns to its
initial state or not. Before we turn to the full quantum de-
scription of this process we briefly review the semiclassical
description obtained in [1].
III. SEMICLASSICAL DESCRIPTION
A. Classical Hamiltonian and microcanonical
ensemble
In the semiclassical description we evolve an ensemble
of initial conditions under the mean-field equations of
4motion, obtained from the mean-field Hamiltonian
H = −Ω
√
p20 − p2 cos(q) + Up2 + ∆(t)p (3)
where q = ϕ1 − ϕ2 and p = (n1 − n2)/2 are classical
canonical coordinates and p0 = N/2 is a constant. The
reason why we choose an ensemble initially instead of
single phase space points is twofold. If (3) is interpreted
as a classical system, then one can argue that typically
one does not have fine control over the initial conditions
but can only tune equilibrium parameters such as en-
ergy or temperature. If instead (3) is interpreted as an
approximation to the quantum system (1), then the evolu-
tion of an appropriate classical ensemble is the truncated
Wigner approximation, which is known to give a better
approximation of the quantum dynamics than the single
trajectory mean-field approach. For the sake of simplicity
we therefore consider a microcanonical ensemble here,
and ask what fraction of the initial classical ensemble
returns to its narrow initial energy range at the end of the
forward-and-back sweep as it had initially. This fraction
defines the classical return probability, which turns out
not to be one in general, even though the sweep can be
arbitrarily slow and the classical evolution is of course
exactly deterministic.
B. Classical adiabaticity breakdown at a separatrix
Since our sweep is assumed to be slow compared to the
intrinsic time scale Ω−1, the classical adiabatic theorem
can be applied. The action of each trajectory of the en-
semble is thus an adiabatic invariant. During the forward
sweep, therefore, the orbits deform in ways that keep their
enclosed phase space volumes constant. During the back-
ward sweep the same deformation happens in reverse, and
so ordinarily the initial and final ensembles are expected
to coincide, making the return probability always be one.
This argument relies, however, on the assumption that
the sweep is adiabatic during the whole sweep process. As
long as the mean-field interaction u = UN/Ω is subcritical
(i.e. u > −1 for our attractive negative u) this can always
be fulfilled. In the supercritical case, however, there is
certain range of ∆ within which an unstable fixed point
and a separatrix appear, as has also been demonstrated
experimentally [5]. If the initial energy is not too high, the
entire ensemble is inside one lobe Au of this separatrix—
see Fig. 1. This initial separatrix lobe shrinks during the
forward sweep, while the phase space area enclosed by
the ensemble remains fixed adiabatically. At some point
∆(t) = ∆S , therefore, the incompressible ensemble meets
the shrinking separatrix. Since the separatrix is the orbit
that runs through the unstable fixed point, this means
that the orbital period of the trajectories of the ensemble
diverges at this point. No matter how slow the sweep
is, therefore, the condition for the adiabatic theorem can
no longer be satisfied, and the actions of the trajectories
change: they cross the separatrix. At this time the other
separatrix lobe Al is the only phase-space region which is
growing as ∆ is changing; both the initial lobe Au and the
region Ao outside both lobes are shrinking. In accordance
with Liouville’s theorem, therefore, all ensemble orbits
cross into Al, because it is the only phase-space region
which can accommodate additional orbits. After the sep-
aratrix has been crossed the orbital period becomes finite
again and the evolution is again adiabatic, so that the
new action is conserved during the rest of the forward
sweep.
C. Semiclassical probabilistic hysteresis
During the backward sweep adiabaticity again guaran-
tees that the evolution of the ensemble is the time-reversed
evolution of the forward sweep until the separatrix is en-
countered again. Since at this point in the forward sweep
Al was growing while both Au and Ao were shrinking,
now on the reverse sweep it is the other way around. The
ensemble has to leave the now shrinking separatrix lobe
Al, but the original separatrix lobe Au as well as the out-
side region Ao are both growing. Under incompressible
Liouvillian flow, the trajectories of the ensemble must be
distributed into both these growing regions. The fraction
that goes to the upper separatrix lobe Au—and therefore
returns to the initial ensemble at the end of the sweep—is
determined in the quasi-static limit by the ratio of the
growth rates of Au and Ao; this statement is known as
Kruskal’s theorem (see [21] and references therein).
Once the entire ensemble has crossed the separatrix
again, its components in Au and Ao evolve adiabatically
in the two different regions of phase space, connected only
by extremely thin threads of ensemble density that stretch
between the two regions. The final state therefore consists
essentially of two ensembles with very different energies,
only one of which is the initial energy. Which initial
phase space points will end up in which region finally
depends sensitively on initial phase space position as well
as on the very slow sweep rate, but the fraction of the
initial ensemble which returns to the initial energy range
settles down for slow sweeps to the constant probability
given by Kruskal’s theorem. In this sense there is a finite
probability for each member of the initial ensemble to
return to the initial energy shell (reversible evolution) or to
the higher, initially unoccupied energy shell (irreversible
evolution). This phenomenon was called probabilistic
hysteresis in [1], and the probability to return to the
initial energy shell was defined as the return probability.
Note that hysteresis and irreversibility are absent in the
quasi-static limit if the maximum sweep extent ∆0 < ∆S ,
because then the ensemble never meets the separatrix and
adiabaticity never breaks down.
In this paper we now consider how this (semi-)classical
result can emerge from the full quantum description. To
do so we first study the adiabatic quantum spectrum in
the next Section.
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FIG. 1. Evolution of a classical ensemble consisting of 2000 points (black dots) in phase space. The gray lines show adiabatic
energy contours, the dashed black line is the separatrix. Because adiabaticity breaks down when the separatrix is crossed,
first between (a) and (b) and then again between (b) and (c), only a finite fraction of the ensemble returns to the initial
energy shell. For a clearer graphical presentation we have chosen the canonical coordinates q′ = arctan
(
p/
(√
p20 − p2 cos(q)
))
,
p′ = −√p20 − p2 sin(q) here.
IV. THE QUANTUM SPECTRUM
In this section we review the quantum spectrum of
the Bose-Hubbard dimer and its relation to the mean-
field stationary states as well as to Bohr-Sommerfeld
quantization. Most of the results presented in this Section
have already been presented elsewhere (see e.g. [18, 22,
23]), but are reviewed here for the reader’s convenience.
A. Quantum and classical adiabaticity
The two essentially non-classical features of the quan-
tum system both stand out in Fig. 2, showing the quan-
tized energy eigenvalues of Hˆ from (1) as functions of
detuning ∆. The first non-classical feature is simply that
the plots are full of curving lines: energy levels are quan-
tized. The vertical spacings between successive lines are
mostly of order Ω, with little dependence on N .
As long as the quantum energy levels remain separated
from each other by order Ω, the “slow sweep” condition
ΩT  1 which makes the classical evolution adiabatic
everywhere except near a separatrix also makes the quan-
tum evolution adiabatic. If the system begins in an energy
eigenstate, and the levels remain separated by order Ω,
then during a slow sweep of ∆ the system will remain
in the same energy eigenstate, as the energy eigenvalue
slowly changes, in accordance with the quantum adiabatic
theorem [24]. In the “sub-critical” regime with mean-field
interaction strength |u| < 1, there is never any classical
separatrix because the attractive nonlinearity is too weak
to ever support self-trapping, and so the classical evo-
lution remains adiabatic throughout both forward and
backward slow sweeps, giving perfect reversibility [1].
As Fig. 2(a) indicates for u = −0.5 and N = 20, the
quantum energy spectrum in the sub-critical regime never
has any levels approach each other more closely than
-2 -1 0 1 2
/
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N
(a) u = −0.5, N = 20
-2 -1 0 1 2
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-1
0
E/
N
(b) u = −3, N = 20
(c) u = −3, N = 100 (d) u = −3, N = 100
FIG. 2. Eigenvalues of the Bose-Hubbard dimer in the subcrit-
ical case (a) and supercritical case (b)–(d). All level crossings
are avoided. In the subcritical case (a) no extremely narrow
avoided crossings are present. In the supercritical case (b), (c),
however, many energy gaps become extremely small. Panel (d)
shows the energies of the stationary states of the mean-field
Hamiltonian in red on top of the same quantum system shown
in (c). The swallowtail structure of the classical stationary
states can be seen clearly in the quantum spectrum: the sta-
ble classical stationary states correspond to quantum energy
eigenvalues while the unstable classical state traces an arc of
avoided crossings.
order Ω. The energy gaps δ between successive pairs of
energy levels are all smallest at ∆ = 0, with the smallest
individual gap δmin being between the lowest two levels.
As the particle number increases the absolute size of this
minimal energy gap decreases, but it quickly settles to
a finite value δ∗min/Ω =
√
1 + u [3] depending only on u;
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FIG. 3. Minimal level spacing δmin in the spectra for subcritical
u = 0 (top, black +), u = −0.5 (middle, blue ◦) and u = −0.9
(bottom, red ∗). The size of level spacing quickly settles to a
constant finite value for increasing particle number N .
see Fig. 3. Since all other energy gaps are even larger
than δmin, the quantum adiabatic limit at sub-critical
u can easily be reached for every initial state [24], even
for arbitrarily large particle numbers, and the evolution
is fully reversible since the system stays in the same
adiabatic level during the whole forward-and-back sweep.
Quantum-classical correspondence is thus straightforward
in the sub-critical regime, where probabilistic hysteresis
does not occur.
B. The quantum “separatrix”
In the super-critical regime u < −1, however, things are
more complicated. As Fig. 2(b)-(d) show for different N
at u = −3, the second distinctly non-classical feature of
the quantum system now shows up in the energy spectrum:
crossings and brief close approaches (“avoided crossings”)
of eigenvalue curves in the (E,∆) plane. These crossing
features are all found within the inverted triangle “swal-
lowtail” region of the (E,∆) plane, which is bounded by
the energies of the classical fixed points (see Fig. 2(d)).
The connection between these classical energies and the
quantum levels is simply Bohr-Sommerfeld quantization,
which becomes highly accurate at large particle number
N for this classically integrable system. Under Bohr-
Sommerfeld quantization the quantum energy levels are
found by quantizing the actions of classical orbits, so
that in a Bohr-Sommerfeld system quantum and classical
adiabaticity generally coincide.
Simple geometry dictates, however, that when u <
−1 there are crossings of Bohr-Sommerfeld energy levels
within the swallowtail which is traced by the classical
fixed points in the (E,∆) plane, as well as a rather dense
accumulation of intersecting lines along the inverted arch
at the top of the swallowtail. We will refer to this upper
FIG. 4. Density of states for N = 1000 and u = −3.
border of the swallowtail feature as “the separatrix”, even
though it is a curve in the (E,∆) plane rather than in
phase space, because the particular curve which defines
the upper edge of the swallowtail is precisely the energy of
the classical separatrix. Bohr-Sommerfeld theory explains
why the separatrix shows up as a peak in the quantum
density of states, which for large N becomes very sharp,
with energy levels packing closely together [25, 26]. See
Fig. 4. This connection between the density of states
and the classical unstable fixed point follows from the
energy E = Iω in action-angle coordinates (I, ω = 2pi/T ),
where T is the orbital period, together with the Bohr-
Sommerfeld quantization rule In = 2pi(n+ 1/2)h¯
T = 2pi dI
dE
= 4pi2h¯
dn
dE
. (4)
Therefore the unstable fixed point, where the orbital
period T diverges, corresponds to a maximum in the
density of states dn/dE [22, 23].
C. Avoided crossings
The top of the swallowtail does not correspond to a
single Bohr-Sommerfeld level, however; nor does the high
density of states around the separatrix represent many
eigenvalues running parallel to each other at small sep-
arations. Instead the high density of states within this
narrow arc represents a network of avoided crossings. As
N becomes large the network of crossings becomes dense
in the (E,∆) plane, and the minimal separations at each
individual avoided crossing become narrower. One can
see this pattern by looking closely at Fig. 2(b), for which
N = 20; at N = 100 the network has already become too
dense to see clearly in Fig. 2(c).
As a matter of fact there are no actual crossings of
any energy levels at all. All of the apparent crossings in
Fig. 2 are really avoided crossings, because a tridiagonal
matrix cannot have degenerate eigenvalues [27], and Hˆ is
7tridiagonal in the Fock basis. The avoidances of most of
these crossings are impossible to see at larger N , though,
because the energy gaps with which they are avoided
become extremely narrow [25, 26, 28].
The two lowest-lying eigenvalues which seem to cross at
∆ = 0, for example, are the energies of states with the ma-
jority of the attractively interacting particles localized in
Bose-Hubbard site 1 or site 2, respectively. These energies
avoid crossing because the unique ground and first ex-
cited states at ∆ = 0 are both mesoscopic “Schro¨dinger’s
Cat” superpositions, with relative phase 0 or pi respec-
tively, of these two significantly different distributions of
particles. The tiny energy difference between these even
and odd superposition states is due to mesoscopic quan-
tum tunnelling; it is exponentially small in N . Below we
will confirm numerically that the other avoided crossings
within the swallowtail region are all likewise exponentially
small for large N .
The avoidance of Bohr-Sommerfeld crossings due to
dynamical tunnelling turns out to be the crucial feature
for probabilistic hysteresis in quantum systems. Outside
the (E,∆) swallowtail, quantum level spacings are all of
order Ω and quantum adiabaticity is assured as long as
ΩT  1, as we always assume. All evolution outside the
swallowtail region is thus essentially trivial; everything
significant happens because of the avoided crossings within
the swallowtail.
D. Non-classical quantum adiabaticity
To illustrate the implications of these very narrowly
avoided crossings, suppose that the system’s initial state
is the ground state at large negative ∆. In a slow upward
sweep of ∆, therefore, the system follows the lowest energy
level up to the avoided crossing of the first two levels at
∆ = 0. If the sweep is really perfectly slow such that T →
∞ (quasi-static limit), the system stays in the adiabatic
ground state through the narrowly avoided crossing and
continues to follow the lowest energy level. When the
sweep returns the avoided crossing is encountered again,
and by the same argument the system inevitably ends
up back in the initial ground state at t = +T . In this
extreme case of infinite slowness our sweep process is
completely reversible, just as in the subcritical case.
In any real experiment, however, the sweep time 2T is
necessarily finite, and the validity of the adiabatic approx-
imation depends on the size of the energy gaps δ at the
avoided crossings. Fig. 5 shows these energy gaps at three
avoided crossings as a function of the particle number
N as an example. We find that with increasing particle
number N the energy gaps of the narrowly avoided cross-
ings quickly become exponentially small in N and do not
settle to a constant non-zero value. In fact this is true
for all avoided crossings within the swallowtail structure.
With rising particle number, therefore, it quickly becomes
increasingly difficult to fulfill the condition of the quan-
tum adiabatic theorem. Already for moderate particle
numbers and slow but finite sweep rates there is a signifi-
cant probability to follow the diabatic path at the first
avoided crossing, making a transition to the second adia-
batic energy level. As the sweep continues, more avoided
crossings are encountered and the same reasoning can be
applied. Whether or not the system ends up in its initial
state when the forward-and-back sweep is completed now
becomes a non-trivial question. In the next Sections we
will determine this non-trivial evolution numerically for a
representative range of particle numbers.
V. REGIMES OF PARTICLE NUMBER
Throughout the rest of this paper we will take u = −3 as
a representative supercritical case; all other cases u < −1
are essentially similar. The range of particle numbers
in the supercritical case can be divided for u = −3 into
three qualitatively different regimes:
(i) quantum adiabatic regime (N <∼ 20)
(ii) irreversible quantum regime (20 <∼ N <∼ 50)
(iii) classical correspondence regime (N >∼ 50)
In the following we will discuss these regimes briefly and
show the results obtained by numerically solving the
Schro¨dinger equation. Except in regime (i) we will choose
the same sweep rate for all simulations.
A. Regime (i): quantum adiabatic
In the quantum adiabatic regime all the level spacings
are large enough that the quantum adiabatic limit can
realistically be reached, i.e. the sweep can be made so
slow that the system always stays in the adiabatic state
in which it started. Accordingly the return probability
is always one and does not depend on the sweep rate,
as long as it is slow enough. We emphasize that due
to the exponential smallness of most of the energy gaps
this regime can be hard to reach even for small particle
numbers, so that we have to choose a much slower sweep
rate than in the other regimes. An example for N = 10
and T = 108Ω−1 is shown in Fig. 6. For N = 20 and the
same parameters, the total sweep time 2T already has to
be on the order of 1015Ω−1 to obtain a fully reversible
evolution, which would be around 30 years if Ω were in
the experimentally typical MHz regime, or even 30000
years for Ω in the experimentally feasible kHz regime.
(These estimates of minimum sweep time are based on the
Landau-Zener formula that we will discuss in Sec. VI, as-
suming generously that “fully reversible” evolution means
a diabatic transition probability of around 1% or less.)
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FIG. 5. Size of the energy gap δ at three different avoided crossings for u = −3 in dependence of the particle number. The
energy gaps do not approach a finite value as in the subcritical case but are exponentially small in N (for N not too small) as
we show in (b),(c) with linear or logarithmic y-axis, respectively. As examples we have considered the avoided crossings marked
in (a): the avoided crossing of the first two levels (blue), the rightmost avoided crossing of the third and fourth levels, and the
second avoided crossing between the fourth and fifth levels from the right. The lines in (b) and (c) simply connect the numerical
points, as guides to the eye.
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FIG. 6. Quantum adiabatic regime: Panel (a) shows the adiabatic eigenenergies for N = 10. Panels (b) and (c) show the
probability to find the system in the adiabatic eigenstate with energy E during the forward and backward sweep with T = 108Ω−1,
starting from the second-lowest initial energy eigenstate (as an example). In this case the system always stays in the same
adiabatic eigenstate and so the return probability is one. Note that in panel (b) time runs from left to right (forward sweep)
and in panel (c) from right to left (backward sweep).
B. Regime (ii): irreversible quantum
As the particle number is increased it becomes rapidly
more and more difficult to reach the quantum adiabatic
limit. At some point we may say that the evolution has
become irreversible for all practical purposes, since sweep
times of many thousand years (!) are clearly impractical.
When this form of irreversibility sets in the initial state
is in general not recovered with unit probability after any
realistically feasible slow sweep; see Fig. 7. After the for-
ward sweep in regime (ii), therefore, the system is not in
a single adiabatic eigenstate any more, but in a coherent
superposition of adiabatic eigenstates. In the backward
sweep the probability spreads further so that the initial
state is recovered with only about 50% probability. The
rest of the final probability is spread over a range of ener-
gies around the initial energy. Notice, however, that the
final probability distribution is quite different from what
we found semiclassically. In the semiclassical case we
had two well-separated final energy shells, one coinciding
with the initial energy shell and one having much higher
energy. In Fig. 7, however, this clear separation of final
energies is not present. Although we therefore find irre-
versibility in regime (ii), it is significantly different from
the irreversibility we found in the semiclassical system.
C. Regime (iii): classical correspondence
For even larger particle numbers the final probability
distribution does indeed consist of two well separated
peaks, much as in the semiclassical case, and the proba-
bility for intermediate energies becomes vanishingly small
(see Fig. 8). Further increasing the particle number re-
duces the spread in energy of the two branches; see the
results for very large particle number N = 1000 in Fig. 9.
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FIG. 7. Irreversible quantum regime: Panel (a) shows the relevant adiabatic eigenenergies for N = 30. Panels (b) and (c) show
the probability to find the system in the adiabatic eigenstate with energy E during the forward and backward sweep with
T = 5000Ω−1. Unlike in Fig. 6 the probability spreads over many adiabatic eigenstates. To stay in the same adiabatic eigenstate
and obtain a fully reversible evolution as in Fig. 6 the sweep time would have to be on the order of 1022Ω−1, an unattainable
requirement for practically any realizable Ω. Here again we have shown evolution from the second-lowest initial eigenstate as an
example.
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FIG. 8. Classical correspondence regime: Panel (a) shows the relevant adiabatic eigenenergies for N = 100. Panels (b) and (c)
show the probability to find the system in the adiabatic eigenstate with energy E during the forward and backward sweep with
T = 5000Ω−1. In panel (c) we see a clear bifurcation of the probability during the backward sweep into two branches, as in
the corresponding classical problem. Here we have chosen the fourth-lowest initial eigenstate as the example because it has
approximately the same energy per particle as the initial state of Fig. 7.
We do not show the adiabatic spectrum in Fig. 9, as with
N = 1000 it is simply too dense to identify individual
levels. Instead in Fig. 9 (c) we show for comparison the
energy of two trajectories of the semiclassical ensemble
with the same initial energy and sweep rate. Qualitatively
the result for N = 1000 is very similar to the result for
N = 100, but the widths of the two final branches of
the probability become narrower, and their energies are
very close to the energies of the sets of trajectories of the
semiclassical ensemble.
Fig. 10 shows the final probability distribution of ener-
gies at the end of the sweep for N = 100 and N = 1000,
i.e. a slice along the vertical axis at ∆/Ω = −2 in Fig. 8 (c)
and Fig. 9 (b). As in the classical case there are now two
qualitatively different outcomes of the experiment, corre-
sponding to the inner disk and outer shell in [1] or the
inner and outer shell in Fig. 1. In the quantum evolution
this simply corresponds to two well separated peaks in
the final probability distribution of energy eigenvalues.
In the correspondence regime (iii) we can therefore un-
ambiguously define the quantum return probability Pret
as the sum of the probabilities within the first peak. In
regime (ii) such a definition would not be possible since
the two peaks overlap, making a clear separation into
qualitatively different fractions impossible.
This unambiguous definition of Pret in regime (iii) as
the probability in the first final energy peak is also clearly
measurable experimentally. Because the large final de-
tuning completely dominates the tunneling term in the
Hamiltonian, the final-time energy eigenstates are es-
sentially eigenstates of particle number in the two sites.
The two peaks in Fig. 10 correspond to particle number
distributions which are easily distinguished, even with
very coarse particle-counting resolution. In this regime of
clearly separated final energy peaks, therefore, it should
be relatively straightforward to recognize, in each run
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FIG. 9. Classical regime: Panels (a) and (b) show the probability to find the system with N = 1000 in the adiabatic eigenstate
with energy E during the forward and backward sweep with T = 5000Ω−1. For comparison panel (c) shows two representative
trajectories of the semiclassical ensemble with the same initial energy, one that returns to the initial state (solid black) and one
that does not (dashed red). Note that in contrast to previous figures panel (c) here shows the forward and backward sweep in a
single plot. We do not show the adiabatic quantum spectrum in this case because the levels are too dense to be seen. For the
quantum simulation we have chosen the 37th initial eigenstate as an example because it has approximately the same energy per
particle as the initial state of Fig. 7 and Fig. 8.
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FIG. 10. Final probability distribution at the end of the
forward-and-back sweep for the same scenarios as in Fig. 8
and Fig. 9. There are two qualitatively different groups of
final states: one with energy close to the initial state and
one with much higher energy. Increasing the particle number
reduces the widths of each of these two groups, so that as in
the semiclassical case two sharp final energies are obtained for
large N . The return probability Pret is then defined as the
sum of the probabilities in the left peak, which is centered
around the initial energy.
of an experiment, which of the two possible final energy
ranges has been reached in that run. After many runs the
return probability can therefore be measured empirically
in a straightforward manner.
D. Quantitative correspondence?
So far we have confirmed numerically that for large
particle numbers, and for a sufficiently but not exces-
sively slow sweep rate, qualitatively similar results to the
semiclassical results are obtained, inasmuch as an initial
energy eigenstate evolves through the forward-and-back
sweep into two narrow ranges of energies, each range
well separated from the other. Probabilities for any fi-
nal energies between these two distinct narrow ranges
become extremely small. The probability to return to
the initial energy range is theoretically well defined and
experimentally measurable.
We have not yet fully confirmed the emergence of semi-
classical probabilistic hysteresis from quantum mechanics,
however, because the classical return probability is de-
termined quantitatively by Kruskal’s theorem, but we
have not yet evaluated the quantum return probability
quantitatively. Quantitative comparison is necessary even
just to estimate the correct sweep time scale at which
the semiclassical quasi-static result should be expected,
since in the quantum quasi-static limit of infinite slowness
the return probability will always be one. We have now
seen that for some quantum cases, with large but finite
T , the return probability is at least something less than
one. In what range of sweep time scales T , if any, will
the classical and quantum probabilities actually agree?
At least for particle numbers up to around N = 1000
we can answer this question numerically for any particular
case, by numerically solving the time-dependent many-
body Schro¨dinger equation for the two-site Bose-Hubbard
system. We can also make steps toward understanding
the numerical results analytically, by considering the evo-
lution in terms of quantum adiabatic theory. Because
our sweep is slow, the quantum system certainly follows
an adiabatic eigenstate until an avoided crossing is en-
countered. At every avoided crossing the probability for
a diabatic transition can be calculated by the Landau-
Zener formula. The whole sweep can thus be considered
as a long series of Landau-Zener “mini-sweeps” through
a succession of avoided crossings.
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VI. QUANTUM-CLASSICAL
CORRESPONDENCE VIA LANDAU-ZENER
TRANSITIONS
The celebrated Landau-Zener formula states that the
probability for a diabatic transition over a parametric
sweep through an avoided crossing of two energy levels
E1,2 is given by
Pdiab = e
− 2piv2|α| (5)
where v is the off-diagonal matrix element coupling the
two levels and α = (E2(t)− E1(t))/t is the slope of the
separation of the diabatic energy levels, provided that
this separation changes linearly with time. Although the
Landau-Zener formula is derived for a two-level system,
it is well known that it also applies to multi-state prob-
lems as long as the avoided crossings are well enough
separated to justify a two-level approximation locally.
This approximation is known as the independent crossing
approximation (ICA) [18, 29–32].
The ICA is justified as long as adiabatic evolution only
breaks down at any given time within orthogonal two-
state subspaces of the total Hilbert space, so that there
is never any need to compute non-adiabatic evolution
within a subspace of dimension three or more, and the
full evolution can be given as a tensor product of adiabatic
and Landau-Zener evolutions. For example if one level has
a narrowly avoided crossing with another level, and then
later has another avoided crossing with another level, the
two successive crossings may be treated independently as
long as the ranges of ∆ within which each crossing gives
non-adiabatic evolution do not overlap. The ranges of ∆
within which adiabaticity fails are defined by En+1(∆)−
En(∆) <∼ ∆˙/∆, and hence they can be made arbitrarily
narrow by reducing the sweep rate. The ICA is therefore
bound to be valid for slow enough sweeps. In the following
sections we will discuss the ICA for our system.
A. Independent crossing approximation (ICA)
The ICA has been given several somewhat different
implementations in the literature, which we discuss in
the Appendix. We use here the variant in which the
probability of a diabatic transition from the adiabatic
level i to j at an avoided crossing is given as
Pij = e
− piδ
2
ij
2∆˙αij , (6)
where δij is the size of the energy gap at the avoided cross-
ing, ∆˙ = (∆0 −∆I)/T is the sweep rate, and αij is the
difference of the asymptotic slopes of the adiabatic levels i
and j. Further details concerning the method, and a com-
parison of the results obtained by successive application
of (6) to a numerical solution of the Schro¨dinger equation,
can be found in the Appendix. The ICA becomes a more
accurate approximation for lower particle numbers (since
the lower density of levels means fewer avoided crossings
within any ∆ range) and slower sweep rates (since the ∆
ranges in which diabatic transitions occur become nar-
rower). Very low N or large T are by no means needed,
however; we show in the Appendix that the ICA remains
good even for N = 1000 and ∆˙ = 8 · 10−4, which are
the highest particle number and sweep rate that we have
considered.
Note that (6) gives only the transition probabilities
but no phase information, even though the Landau-Zener
problem can be solved exactly for the complex transition
amplitude including a phase. The phases of individual
Landau-Zener transitions can only affect the final proba-
bility distribution, however, if there are interference effects
between multiple transitions, as levels cross and re-cross.
We will see that such interference affects can indeed occur;
the reason to ignore the Landau-Zener phase is not that
it never matters. The reason to ignore the Landau-Zener
phase in the ICA is that if interference between multiple
crossings is important then the crossings are not really
independent, even though they are all nicely separate,
and so since one has to keep track of a complicated array
of many quantum phases anyway, one might as well just
solve the whole problem numerically and forget the ICA.
By comparing such full numerical solutions with approx-
imations based on the probabilities (6), however, we will
see below that there are indeed conditions under which
one may apply the ICA incoherently, summing probabili-
ties given by (6) without considering phases. We will also
find that it is precisely under these conditions that the
correspondence of the quantum evolution with classical
probabilistic hysteresis emerges. Before proceeding to
these comparisons, we will first analyze the behavior of
the Landau-Zener probabilities for individual crossings as
given by (6).
B. Crossover from diabatic to adiabatic
As we discussed in Section V above, the energy gaps
δij at most of our avoided crossings become extremely
small in number regimes (ii) and (iii), which only require
N >∼ 20. Consequently, for realistic sweep rates and not
too small particle numbers, many of the probabilities
given by (6) tend to be close to one. In particular, if the
system starts in a low-energy state then the probabilities
for diabatic transitions through the first avoided crossings
that are encountered, as ∆(t) is initially swept forward,
are all close to one.
As the sweep continues through its succession of dia-
batic avoided crossings, however, the system is steadily
moving upwards in the (E,∆) plane through the swal-
lowtail region, towards the separatrix at the top of the
swallowtail. Beyond the separatrix there are no more
extremely narrow avoided crossings; all energy gaps are of
order Ω. As the system moves up through the swallowtail
to approach the separatrix, therefore, the energy gaps
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δij at the avoided crossings must eventually begin to be
larger.
Fig. 11 shows this pattern by showing the sequence
of δij that would be encountered in succession on the
forward sweep, if the system began in the ground state
and then went through every crossing diabatically. Each
successive δij would be a single point in the (∆, δ) plane,
but we wish to compare cases with greatly differing N ,
for which the points would be differently spaced because
for larger N the avoided crossings are packed more closely
together. Fig. 11 therefore shows the δij sequences for all
N as interpolated smooth curves δ(∆). The curves are
also extrapolated to show large avoided crossing widths
δ ∼ Ω at larger ∆ > ∆S even though the “crossings” in
this range are really just energy differences between levels
that never cross.
In spite of these subtleties in interpreting Fig. 11, its
implications should be clear. The point ∆ = ∆S where
the quantum δij suddenly rise for large N , when the
initial state is the ground state, is precisely the point at
which adiabaticity breaks down classically even in the
quasi-static limit, allowing quasi-static irreversibility to
occur [1]. A similar pattern occurs for other initial states;
the general phenomenon is that as the quantum system
approaches the separatrix in the (E,∆) plane, the avoided
crossing gap δ begins suddenly climbing. For large N the
climb is almost vertically sharp and begins abruptly right
at the separatrix, with δ remaining very small until just
below the separatrix and then already being of order Ω
just above it. (This correspondence between the classical
separatrix and abrupt increase in quantum level splittings
has previously been noticed in [25].)
The classical result of perfect reversibly in cases where
∆ reverses its sweep before the initial ensemble meets the
separatrix is thus also clear quantum mechanically. For
evolution that never brings the quantum system to the
(E,∆) separatrix, all the energy gaps encountered during
the sweep are vanishingly small for even moderate N ,
so the system follows the diabatic path with essentially
unit probability in both the forward and backward sweep,
and the return probability is essentially one. The system
essentially remains at all times in a single adiabatic energy
state.
What of quantum-classical correspondence in cases
where the ∆ sweep continues through ∆S , though?
C. Between diabatic and adiabatic
Insofar as there even are any avoided crossings above
the quantum separatrix, they are wide enough for the
Landau-Zener evolution through them to be essentially
perfectly adiabatic. Below the quantum separatrix, on
the other hand, the avoided crossings are so narrow for
any practical sweep rate, even for moderate N >∼ 50,
that their Landau-Zener evolution is essentially perfectly
diabatic. Although the crossover is quite sharp for large
N , from nearly perfect quantum diabaticity below the
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FIG. 11. Energy gaps δ at avoided crossings encountered
during the sweep, for various particle numbers N , if the initial
state is the ground state and the system is assumed to follow
the diabatic path at every avoided crossing. For visual clarity
the discrete sequences of encountered crossings, each with a
particular δ at a particular ∆, are represented by interpolation
as continuous curves δ(∆). In all cases the gaps at the first
avoided crossings are extremely small, so that the system
indeed takes the diabatic path with extremely high probability.
The gaps become larger around ∆ = ∆S , which is the value
of ∆ at which the classical separatrix shrinks to a point and
vanishes (dashed line at ∆/Ω ∼ 1.1). Over a small range of
∆ around ∆S , Pdiab drops to very low values, and thereafter
the system essentially just follows the adiabatic path. For
larger N the transition from diabaticity to adiabaticity around
∆S becomes more abrupt, but the the density of the level
spectrum also increases with N , and for large N there are
many crossings within the range of ∆ over which the avoided
crossing gaps grow. There are thus many avoided crossings
within this range for which the evolution is between diabatic
and adiabatic, with significant Landau-Zener probability to
take each branch. Through each such crossing the system’s
quantum state is split coherently into a superposition of the
two branches.
separatrix to nearly perfect adiabaticity above it, the
transition from diabaticity to adiabaticity is not fully
accomplished between one avoided crossing and the next,
not even in dynamical regime (iii).
For large N the avoided crossings are densely packed
along ∆, and as the system approaches the separatrix
there are many avoided crossings with Pdiab neither close
to zero nor to one. Through each of these intermedi-
ate avoided crossings the system’s state bifurcates sig-
nificantly into a superposition of two different energy
eigenstates. Consequently, the quantum state after the
sequence of many of these transitions around ∆S is a
coherent superposition of many adiabatic eigenstates. If
the ∆ sweep continues further, subsequent avoided cross-
ings under classically adiabatic conditions ΩT  1 are all
essentially perfectly adiabatic, so no further bifurcations
occur on the forward sweep.
On the backward sweep through the same set of avoided
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crossings, all these quantum amplitudes interfere at each
crossing, providing even more non-trivial bifurcation. If a
single energy eigenstate is coherently split by a Landau-
Zener transition of intermediate probability, then passing
back through the same Landau-Zener transition can po-
tentially merge the two branches of the superposition
back into the single initial eigenstate—but only if the two
branches begin the reverse transition with exactly the
right relative phase. If we were dealing here with only
a single avoided crossing of two states, then we could
achieve this perfect reversal of a bifurcation just by care-
fully timing our sweep so that the accumulated adiabatic
phases of the two branches had the right difference. With
amplitude spread over many energy eigenstates, however,
and then returning through a sequence of many non-trivial
avoided crossings, there is no way to ensure that the initial
single energy eigenstate is recovered with unit probability.
The quantum forward-and-back sweep process for N →
∞ thus exhibits probabilistic hysteresis for ∆0 > ∆S , just
as the classical process also does, unless the quantum
sweep is so impossibly slow that even the exponentially
narrow avoided crossings are adiabatic. Such slowness is
only remotely feasible in dynamical regime (i) (N <∼ 20
for u = −3); already in regime (ii) (20 <∼ N <∼ 50 for u =−3) there is quantum probabilistic hysteresis. In regime
(ii) the Landau-Zener Pdiab may range between 0 and 1
for avoided crossings within the full area of the (E,∆)
swallowtail, so that bifurcations leading to probabilistic
hysteresis are not only associated with the separatrix
itself, as they are in the classical problem. This regime
is thus complex and we will analyze it no further in this
paper.
In regime (iii) (N >∼ 50 for u = −3) the avoided cross-
ings are all extremely narrow except very close to the
separatrix, and so bifurcations into many energy eigen-
states only occur within that narrow region. Because the
separatrix region has high density of states, these many
eigenstates are all within a narrow range in energy, even
though they are many. For slow sweeps at the large N
of regime (iii), therefore, the quantum system becomes
nonadiabatically spread over many states within a narrow
range of energies right around the classical separatrix.
Under subsequent adiabatic evolution this narrow range
separates into two narrow ranges that move quite far
apart from each other in energy, much as the classical
ensemble was likewise divided in [1].
This is still only a qualitative quantum-classical corre-
spondence, however, inasmuch as both cases show some
degree of probabilistic hysteresis. What circumstances
can further ensure that the quantum and classical proba-
bilities are actually the same?
D. Correspondence failure
First of all we can confirm that the quantum and classi-
cal probabilities do not automatically coincide for large N .
To confirm this we consider several different eigenstates
of the initial Hamiltonian Hˆ(t = −T ) as initial states,
and for each of them we numerically evolve through a
forward-and-back sweep at a slow rate 1/T  Ω to com-
pute the probabilities of ending up in various final energy
eigenstates at t = +T . What we can then see in Fig. 12
is that all these quantum probabilities depend sensitively
on the precise sweep time scale T : variations in T of
less than one percent can change the quantum proba-
bilities by factors of order unity, even when ΩT is very
large. The semiclassical probabilities, in stark contrast,
are independent of T as long as T  Ω−1.
The quantum variations in probability are in fact os-
cillatory as functions of T ; this indicates that they are
due to interference effects through the avoided crossing
network, which are sensitive to time-dependent phase
differences between bifurcated branches of the quantum
state in the instantaneous energy basis. It is possible
that the amplitude of these oscillations will eventually
become small at some very large N , but our numerical
investigations at the largest computationally feasible N
of around 1000 indicate that the approach to quantum-
classical correspondence with increasing N is very slow
(possibly logarithmic).
We emphasize that this sensitive dependence on the
precise sweep rate is only revealed because we have in-
cluded the backward sweep in our protocol. After only the
forward sweep, when the amplitude has only been spread
over a narrow range of energies, the differences the system
state for different sweep rates are very subtle, in the sense
that the probability distribution among nearby states is
only slightly changed. In particular what is called “Lan-
dau Zener tunnelling probability” in [3, 7, 10, 19], namely
the ratio of the populations of the two sites at the end
of the forward sweep, does not sensitively depend on the
precise sweep rate.
E. The incoherent Landau-Zener approximation
Also shown in Fig. 12, however, are dashed lines indi-
cating the probabilities for each final state, given each
initial state, that we obtain if we apply the ICA at every
avoided crossing during the forward-and-back sweep, but
taking only the probabilities Pdiab, neglecting phases and
all interference effects. We call this calculation the inco-
herent Landau-Zener approximation. The dashed curves
that it produces in Fig. 12 are all essentially horizontal
lines, with negligible dependence on the precise sweep
time scale T . This is because ignoring phases and inter-
ference is equivalent to time-averaging all the phases, and
then since the phases evolve quite quickly while the sweep
of ∆(t) is slow, time-averaging is essentially equivalent
to averaging over the sweep time scale T , since slightly
faster or slower sweeps lead to greatly differing relative
phases accumulating over the times between successive
avoided crossings, whereas Pdiab changes on a much longer
time scale. The incoherent ICA thus effectively averages
away the oscillations of probabilities with sweep rate T ,
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FIG. 12. Each panel shows the probability (solid blue) to end
up in the eigenstate of the initial Hamiltonian that is given
by the panel’s column, provided that the initial state was the
state given by the panel’s row (i.e. the panel in the i-th column
and j-th row shows the probability to be in the i-th state at
the end of the sweep, starting initially in the j-th state). The
dashed red line shows the corresponding probability in the
incoherent Landau-Zener approximation which is basically
constant in the displayed T range. The incoherent Landau-
Zener approximation gives the correct short-time average of
the probability. This is also true for the panels far away from
the diagonal, where the probabilities become too small to
be seen in this figure. The system parameters are N = 50,
u = −3, ∆I/Ω = −2 and ∆0/Ω = 1.
yielding average probabilities that are independent of T .
The incoherent Landau-Zener approximation will thus
be an accurate approximation for experiments in which
return probabilities are measured by repeated runs, with
imperfect control over variations in sweep time T among
runs. In this sense the averaged probability given by the
incoherent Landau-Zener approximation emerges natu-
rally as the quantity that can most straightforwardly be
measured.
A second sense in which the incoherent ICA is actually
realistic appears when we note in Fig. 12 how the prob-
abilities for any single sweep rate T vary with starting
eigenstate i. Especially for large particle numbers N it is
experimentally unrealistic to prepare a single eigenstate
initially; more realistic is a microcanonical or canonical
ensemble (as in [1]) with a finite energy width. Experi-
mental measurements of return probability will therefore
effectively sum over initial eigenstates i, even for a single
run with a fixed T . When many adiabatic eigenstates
participate in the evolution, the oscillations of probability
shown in Fig. 12 are smeared out [33], effectively reproduc-
ing the incoherent ICA result, as we demonstrate below.
Since the dimension of the Hilbert space is d = N + 1,
the average number of eigenstates in any normalized en-
ergy range ∆E/ΩN is proportional to N , so that even
for a very small energy width a large number of levels is
initially occupied, for large enough N .
Fig. 13 shows the return probability for N = 1000 and
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FIG. 13. Comparison of the return probability (solid) with
the incoherent Landau-Zener approximation (dashed red) for
different sweep times and different initial states (a: 37th
eigenstate; b: ensemble containing four (black) or twenty
(blue) eigenstates with the same mean energy as in (a)). The
oscillations around the incoherent Landau-Zener result are
strongly suppressed for the finite width ensembles in the right
panel. Since even just a few states are enough to suppress the
oscillations, the energy width can still be very small. Note
that the incoherent Ladau-Zener result itself changes by less
than 10−5 in the displayed T range. The system parameters
are N = 1000, u = −3, ∆0/Ω = −∆I/Ω = 2.
a single initial state (left) and two initially microcanonical
ensembles with different energy width (right) over time.
The dashed line indicates the incoherent Landau-Zener
result. We find that the oscillations in the return proba-
bility are suppressed in the case of a finite width ensemble
so that even when the sweep time is held exactly con-
stant between different runs the incoherent Landau-Zener
approximation gives the correct return probability. For
even larger particle numbers or initial energy range we
expect the oscillations to vanish completely, as in the
semiclassical case [1].
F. Recovering quantum-classical correspondence
After having thus established the incoherent Landau-
Zener approximation as accurate for realistic experiments
with imperfectly reproducible T or, more importantly, fi-
nite initial energy width, we can finally compare the quan-
tum results for the return probability calculated with the
incoherent Landau-Zener approximation with the semi-
classical results. Fig. 14 shows the return probability for
N = 1000 plotted against the total sweep time 2T for
initially microcanonical ensembles of states with differ-
ent energy. The dashed lines indicate the corresponding
semiclassical adiabatic values. We find that there exists a
broad range of sweep rates for which the quantum return
probability is approximately constant and agrees with the
semiclassical adiabatic value found in [1]. The existence
of this correspondence regime of probabilistic hysteresis is
on the one hand surprising because it is not the quantum
adiabatic limit (where the return probability would be
always one, as discussed above), and yet the return prob-
ability is nearly independent of the sweep rate. On the
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FIG. 14. Comparison of the return probability in the inco-
herent Landau-Zener approximation for microcanonical initial
ensembles (colored lines) and the corresponding semiclassical
values in the quasi-static limit (dashed). Note that the log-
arithmic horizontal axis covers a wide range of sweep times.
Since it has been demonstrated in Fig. 13 that the incoher-
ent Landau-Zener approximation does indeed closely approxi-
mate the quantum return probability, we conclude that the
quantum return probabilities for initial quantum ensembles
agree well with the classical values over a broad range of
sweep rates. The system parameters are N = 1000, u = −3,
∆0/Ω = −∆I/Ω = 2.
other hand the existence of this correspondence regime is
expected, since ultimately the semiclassical results must
emerge from the full quantum description. For very slow
sweep rates and low initial energy, a significant deviation
from the semiclassical results can still be observed; the
semiclassical result seems to underestimate the quantum
return probability in these cases. The range of sweep rates
over which quantum-classical correspondence is good for
probabilistic hysteresis is quite broad, however, even at
these lowest energies. That is our paper’s main result.
We emphasize both that the incoherent Landau-Zener
result corresponds to the semiclassical result and that a fi-
nite initial energy width is needed to justify this incoherent
treatment. In principal we can obtain very similar results
as in Fig. 14 also for smaller particle numbers (N ∼ 100),
but then the initial energy width has to be very wide to
support enough quantum states (e.g. ∆E/ΩN ∼ 0.25
for N = 100 so that we would have only two lines in
Fig. 14). If the energy width is too small, the return
probability oscillates around the semiclassical value—a
purely quantum effect. We therefore conclude that even
for very large N strong quantum effects can be observed
if the initial energy width is small enough (see Fig. 13).
VII. DISCUSSION
A. Summary and conclusion
In conclusion we have demonstrated how irreversibility
in the form of probabilistic hysteresis emerges in a small
isolated quantum system and how the semiclassical limit
is attained. Instead of the separatrix crossing mecha-
nism discussed in [1] for the classical system, the origin
of irreversibility in the quantum system was found to be
in a series of Landau-Zener crossings, leading at large
N to two qualitatively different outcomes of the sweep
experiment. Although in the true quantum adiabatic
limit the evolution is always fully reversible, we showed
that already for modest particle numbers the sweep rate
has to be unrealistically slow to reach this limit. For
large particle numbers we found that the return proba-
bility as a function of the sweep rate is almost constant
over nearly three orders of magnitude, and within this
broad range of slow sweep rates it agrees closely with the
semiclassical adiabatic prediction. While it is therefore
technically true that the adiabatic and semiclassical limits
do not commute, we have shown that there still exists a
broad quantum regime in good correspondence with the
semiclassical adiabatic limit.
To obtain these results it is important to have a finite
energy width initially, so that several quantum states
are supported and quantum interference effects are av-
eraged out. In this case the return probability can be
calculated accurately by the incoherent Landau-Zener ap-
proximation. We therefore conclude that the semiclassical
adiabatic limit corresponds to the incoherent sum of all
Landau-Zener probabilities, with quantum interference
effects neglected. If only a single state is initially occupied,
however, the interference effects lead to significant oscil-
lation of the return probability around the semiclassical
value predicted by the incoherent Landau-Zener approxi-
mation, even for very large particle numbers. Therefore
strong quantum effects can be observed at large particle
numbers provided that the initial energy width is small
enough. The semiclassical value of the return probability
is obtained only if, in addition to being in the limit of
large particle numbers, a finite initial energy width also
applies.
B. Outlook
The results in this paper are all based on the Landau-
Zener description of the sweep process. There is, however,
a complementary view point using the phase space formu-
lation of quantum mechanics in terms of quasi-probability
distributions such as the Wigner function or Husimi func-
tion. Since the semiclassical description is based on con-
siderations in phase space we expect that these quantum
phase space methods can give further insights into the
relationship between the quantum and classical mechan-
ics of probabilistic hysteresis as the microscopic limit of
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irreversibility. Details will be published elsewhere.
The results reported here have all been purely numeri-
cal, and in particular the main result of correspondence
between the incoherent Landau-Zener approximation and
the semiclassical probabilities derived from Kruskal’s the-
orem has been obtained purely as a numerical fact. The
implication of this fact is that the Landau-Zener transi-
tion probabilities in the quantum problem are somehow
related to the classical rates of phase space area growth
that are involved in Kruskal’s theorem. It should therefore
be possible to demonstrate this relationship analytically.
We are pursuing this goal.
The system studied here is completely integrable. It has
been shown in [2], however, that chaos has strong effects
on microscopic irreversibility and probabilistic hysteresis.
Instead of introducing non-integrability by adding another
degree of freedom to the dimer system, perturbations in
the form of periodic kicks of either the coupling constant
Ω or the interaction parameter U can lead to dynamical
chaos. In classical phase space a chaotic strip first forms
close to the separatrix of the unperturbed system. This
way of introducing chaos should also work in the quantum
dimer presented here, where we expect the level spacing
statistics to change from a Poissonian to a Wigner-Dyson
distribution around the maximum of the density of states,
so that the effect of quantum chaos in probabilistic hys-
teresis can in future be studied by fairly straightforwardly
modifying our integrable Hamiltonian.
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Appendix: Variants of the ICA
There are several variants of the ICA; here we discuss
them. The standard form for multi-state Landau Zener
assumes a Hamiltonian of the form Hˆ = Aˆ+ Bˆt, where Aˆ
and Bˆ can be represented by constant Hermitian matrices.
Our Hamiltonian (1) has this form if we treat the forward
and backward sweep separately. The diabatic basis is the
basis in which Bˆ is diagonal, which in our case is the
Fock basis |n1, N − n1〉. In this basis the Hamiltonian (1)
assumes the form
Hˆ =

ε0 + β0t v0 0 . . . 0
v0 ε1 + β1t v1 . . . 0
...
...
. . .
...
...
0 0 . . . εN−1 + βN−1t vN−1
0 0 . . . vN−1 εN + βN t

(A.1)
with
εi = U
(
N2
2
+ i2 −Ni
)
βi =
∆˙(t)
2
(2i−N)
vi =
Ω
2
√
(i+ 1)(N − i).
(A.2)
The diabatic levels are then given by the diagonal elements
of Hˆ (i.e. the eigenvalues of the uncoupled system vi = 0),
and their separation depends linearly on t. The goal of
the ICA is to treat each avoided level crossing as if it were
an avoided crossing in a two-level system, and apply (5).
To do so the corresponding parameters v and α have to
be found for every avoided crossing.
In the easiest form of the ICA, often used for problems
where the ICA result can be calculated analytically, the
slope α which is relevant for the transition between the
levels i and j is assumed to be βj −βi, and the parameter
v is given by the matrix element Hij [29–32]. This pro-
cedure is motivated by the two-level system, where v is
exactly half of the size of the energy gap δ at the avoided
crossing. In the multi-state problem, however, δ/2 and v
are in general different; in particular there can be indirect
coupling of two diabatic levels even if the corresponding
matrix element vanishes [18]. In our system there is only
one non-zero off-diagonal matrix element for each dia-
batic level i coupling it to the level i+ 1, but clearly there
can be level transitions at every avoided crossing. These
transitions can be captured by using δ/2 instead of v in
the Landau-Zener formula. this better approximation was
called modified ICA in [18].
We can now test the accuracy of the modified ICA in our
system. To do so we consider the large particle number
N = 1000 and total sweep time 2ΩT = 10000 for a sweep
from ∆I/Ω = −2 to ∆0/Ω = 2, as in Fig. 9. In general
there will be many different paths along the adiabatic
levels, branching at avoided crossings, to connect a given
initial and final state. Therefore, if we describe the system
state in the adiabatic basis, the interference between the
amplitudes of different paths has to be taken into account;
yet typically this interference is not included in the ICA. If
the initial state is chosen to be the ground state, however,
then there is no interference during the forward sweep
because there exists only a single path connecting the
initial ground state at ∆I and any given state at ∆0 (see
Fig. 2), so that the dynamical phase that is responsible for
interference plays no role. We can therefore use this setup
to test the modified ICA. Fig. 15 shows the probability
distribution over adiabatic eigenstates at the end of the
forward sweep (t = 0, ∆(t) = ∆0), obtained from a
direct numerical solution of the Schro¨dinger equation
and from the modified ICA. We find that the modified
ICA gives reasonably good results given the fact that
there are 1001 states. The modified ICA can be greatly
improved, though, if we do not use the difference of the
slopes of the diabatic levels in the Landau-Zener formula,
but rather the difference of the asymptotic slopes of the
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FIG. 16. Definition of δmax, ∆max and ∆c for the avoided
crossing indicated by the red circle.
adiabatic levels. To find this difference of the asymptotic
slopes for a given avoided crossing of the levels i and j
at ∆ = ∆c, we search for the nearest local maximum of
the level separation δmaxij of the involved adiabatic levels
at ∆ = ∆max and set the slope to αij = δ
max
ij /|∆max −
∆c|, see Fig. 16. Note that this construction does not
work for the highest energy levels, far away from the
swallowtail, as here there are no longer any clear maxima
and minima of the level separation. This does not pose a
problem, though, because for our slow sweep the diabatic
transition probability is essentially zero at these high
energies. Moreover, as we have seen in Figs. 7–9, the
adiabatic levels for which the level separation has no clear
local extrema play no role in the evolution. If we label the
energy gap at the avoided crossing by δij , the probability
for a diabatic transition from the adiabatic level i to j is
given by
Pij = e
− piδ
2
ij
2∆˙αij , (A.3)
as stated in the main text. Note that in general there
are multiple avoided crossings between two adiabatic lev-
els i and j, so that all the quantities mentioned above
should have an additional index labelling the different
avoided crossings. Note also that the first avoided cross-
ing (between the first and second adiabatic level) has
to be treated differently, because also for it there is no
local maximum of the corresponding level separation, but
that it is only this first pair of levels which need this
special treatment, and the special treatment is simple. If
we look at Fig. 2 then it is clear that we can just use
the level separation at the value of ∆ where second and
third adiabatic levels have an avoided crossing as value
for δmax12 .
In effect this “improved modified” procedure gives a
much better local two-level approximation of each avoided
crossing than the ordinary modified ICA; accordingly this
improved modified ICA (red crosses in Fig. 15) gives a
much better approximation to the true probability dis-
tribution after the sweep. In this paper we have used
only this improved version of the modified ICA, although
for brevity we have referred to it simply as “the Landau-
Zener approximation”. The drawback of this method
compared to the usual ICA is that the Hamiltonian has to
be diagonalized at a large number of ∆ values to find the
minima and maxima of the separation of the adiabatic
levels, whereas the slopes and coupling matrix elements
in the usual ICA can be read off the Hamiltonian. Even
for N = 1000, however, this can be done on a desktop
computer within just a few days.
[1] R. Bu¨rkle, A. Vardi, D. Cohen, and J. R. Anglin, Scientific
Reports 9 (2019).
[2] R. Bu¨rkle, A. Vardi, D. Cohen, and J. R. Anglin, Phys.
Rev. Lett. 123, 114101 (2019).
[3] B. Wu and J. Liu, Phys. Rev. Lett. 96, 020405 (2006).
[4] M. V. Berry, Journal of Physics A: Mathematical and
General 17, 1225 (1984).
[5] T. Zibold, E. Nicklas, C. Gross, and M. K. Oberthaler,
Phys. Rev. Lett. 105, 204101 (2010).
[6] M. Albiez, R. Gati, J. Fo¨lling, S. Hunsmann, M. Cristiani,
and M. K. Oberthaler, Phys. Rev. Lett. 95, 010402 (2005).
[7] B. Wu and Q. Niu, Phys. Rev. A 61, 023402 (2000).
18
[8] O. Zobay and B. M. Garraway, Phys. Rev. A 61, 033603
(2000).
[9] Q. Guo, H.-D. Liu, T. Zhou, X. Chen, and B. Wu, The
European Physical Journal D 70, 128 (2016).
[10] J. Liu, L. Fu, B.-Y. Ou, S.-G. Chen, D.-I. Choi, B. Wu,
and Q. Niu, Phys. Rev. A 66, 023404 (2002).
[11] B. Wu and Q. Niu, New Journal of Physics 5, 104 (2003).
[12] R. Khomeriki, Phys. Rev. A 82, 013839 (2010).
[13] M. Jona-Lasinio, O. Morsch, M. Cristiani, N. Malossi, J. H.
Mu¨ller, E. Courtade, M. Anderlini, and E. Arimondo,
Phys. Rev. Lett. 91, 230406 (2003).
[14] Y.-A. Chen, S. Huber, S. Trotzky, I. Bloch, and E. Alt-
man, Nature Physics 7, 61 (2010).
[15] L.-Y. Yang, L.-B. Fu, and J. Liu, Laser Physics 19, 678
(2009).
[16] A. P. Itin and S. Watanabe, Phys. Rev. E 76, 026218
(2007).
[17] I. Tikhonenkov, E. Pazy, Y. B. Band, M. Fleischhauer,
and A. Vardi, Phys. Rev. A 73, 043605 (2006).
[18] D. Witthaut, E. M. Graefe, and H. J. Korsch, Phys. Rev.
A 73, 063609 (2006).
[19] F. Trimborn, D. Witthaut, V. Kegel, and H. J. Korsch,
New Journal of Physics 12, 053010 (2010).
[20] S.-C. Li, L.-B. Fu, and J. Liu, Phys. Rev. A 98, 013601
(2018).
[21] T. Eichmann, E. P. Thesing, and J. R. Anglin, Phys.
Rev. E 98, 052216 (2018).
[22] E.-M. Graefe, H. J. Korsch, and M. P. Strzys, Journal
of Physics A: Mathematical and Theoretical 47, 085304
(2014).
[23] E. M. Graefe and H. J. Korsch, Phys. Rev. A 76, 032116
(2007).
[24] L. D. Landau and E. M. Lifshitz, Quantum Mechanics:
Non-relativistic Theory. V. 3 of Course of Theoretical
Physics (Pergamon Press, 1958).
[25] S. Aubry, S. Flach, K. Kladko, and E. Olbrich, Phys.
Rev. Lett. 76, 1607 (1996).
[26] P. Buonsante, R. Franzosi, and V. Penna, Journal of
Physics B: Atomic, Molecular and Optical Physics 37,
S229 (2004).
[27] B. N. Parlett, The Symmetric Eigenvalue Problem,
Prentice-Hall Series in Computational Mathematics (Pear-
son Education Canada, 1980).
[28] Z. Karkuszewski, K. Sacha, and A. Smerzi, The European
Physical Journal D - Atomic, Molecular, Optical and
Plasma Physics 21, 251 (2002).
[29] N. A. Sinitsyn and F. Li, Phys. Rev. A 93, 063859 (2016).
[30] N. A. Sinitsyn, Journal of Physics A: Mathematical and
Theoretical 48, 195305 (2015).
[31] V. Y. Chernyak, N. A. Sinitsyn, and C. Sun, Journal
of Physics A: Mathematical and Theoretical 51, 245201
(2018).
[32] N. A. Sinitsyn, Phys. Rev. B 66, 205303 (2002).
[33] M. Wilkinson, Journal of Physics A: Mathematical and
General 21, 4021 (1988).
